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Abstract
For a Fq2 -maximal curve X of genus ðq=n  1Þq=2; where q=n is a nongap at some point, we
show that X is Fq2 -isomorphic to the nonsingular model of a curve given by PðyÞ ¼ AðxÞ;
where P is an additive separable polynomial of degree q=n and where A is a polynomial of
degree q þ 1; under the further hypothesis that a certain ﬁeld extension is Galois. In the
particular case n ¼ p ¼ charðFq2 Þ we were able to characterize such maximal curves without
the assumption that a certain extension is Galois.
r 2003 Elsevier Inc. All rights reserved.
MSC: primary 11G20; secondary 14G05, 14G10
Keywords: Finite ﬁeld; Maximal curve; Artin–Schreier extension; Additive polynomial
1. Introduction
A projective geometrically irreducible nonsingular algebraic curve X deﬁned over
Fq2 ; the ﬁnite ﬁeld with q
2 elements, is called Fq2 -maximal if the number of its Fq2 -
rational points attains the Hasse–Weil upper bound; i.e.,
#XðFq2Þ ¼ q2 þ 1þ 2qg;
where g is the genus of the curve.
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Maximal curves became important in Coding Theory after Goppa’s paper [8], and
they have been intensively studied (see for example [2,6,7,10]).
In [6], various types of maximal curves are studied, with the following results:
Let X be a maximal curve deﬁned over Fq2 and suppose there exists a rational
point P0AXðFq2Þ such that nm ¼ q þ 1; where m is a nongap at P0; i.e., there exists
yAFq2ðXÞ such that divNðyÞ ¼ mP0: Then the extension Fq2ðXÞjFq2ðyÞ is a Galois
cyclic extension of degree m and the curve X is Fq2 -isomorphic to the nonsingular
model of the curve given by the plane afﬁne equation:
y
q
1 þ y1 ¼ xm1 :
In the case when mn ¼ q; i.e., when the nongap m divides q; they conjecture that if
the genus g of X is equal to ðm  1Þq=2 then the curve is Fq2 -isomorphic to a curve
given by
PðzÞ ¼ xqþ1;
where PðzÞ is an Fp-linear separable polynomial of degree m; with p being the
characteristic of Fq2 (see Remark in [6, p. 46]).
Here we prove a weak form of this conjecture (see Theorem 4.10). More precisely,
let X be a maximal curve over Fq2 of genus g ¼ ðm  1Þq=2; where m is a nongap at
some point P0AX that divides q: Then we show that the point P0 is rational over Fq2
and under the further hypothesis that the extension Fq2ðXÞjFq2ðxÞ is a Galois
extension, where x is a function such that divNðxÞ ¼ mP0; we prove that the curve is
Fq2 -isomorphic to a curve given by
PðzÞ ¼ AðxÞ; ð1Þ
where PðzÞAFq2 ½z	 is an additive separable polynomial of degree m and where
AðxÞAFq2 ½x	 is a polynomial of degree ðq þ 1Þ:
In the particular case m ¼ q=p we show in Theorem 5.11, without the assumption
that Fq2ðXÞjFq2ðxÞ is Galois, that the curve X is Fq2 -isomorphic to the nonsingular
model of the curve given by (with q ¼ pt):
Xt
i¼1
zp
ti ¼ c 
 xqþ1; where cq1 þ 1 ¼ 0: ð2Þ
Similar results were obtained before in [2] for p ¼ 2 and in [3] for p ¼ 3: Hence our
Theorem 5.11 here generalizes results from [2,3] to any characteristic. Moreover, the
maximal curve over Fq2 given by Eq. (2) is also classiﬁed in [5] under the hypothesis
that it is Galois covered by the Hermitian curve. Here we classify it under a
hypothesis about nongaps at a rational point.
While the proof of Theorem 4.10 is relatively simple (just uses Hilbert’s
higher ramiﬁcation groups), the proof of Theorem 5.11 here is very involved. It
uses Sto¨hr–Voloch Theory, see [13], applied to a linear system associated to a
maximal curve and properties of higher Hasse’s differential operators. The reason
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for this is that we do not assume in Theorem 5.11 the strong hypothesis that the
extension Fq2ðXÞjFq2ðxÞ is a Galois extension.
The uniqueness obtained in Theorem 5.11 (see Remark 5.1 here) does not hold in
general, i.e., it does not hold in general when m is a proper divisor of q such that
moq=p: In Sections 3 and 4 (see Theorem 3.2 and Theorem 4.13) we give several
examples illustrating this nonuniqueness.
2. Maximal curves
Throughout we use the following notations:
* X is a projective, geometrically irreducible, nonsingular curve over Fq2 :
* kðXÞ is the ﬁeld of k-rational functions on X; where k ¼ Fq2 or Fq2 :
* For xAkðXÞ we denote by divðxÞ the divisor of the function x; and by divNðxÞ its
pole divisor.
* HðPÞ stands for the Weierstrass nongap semigroup at the point PAX and
miðPÞ ¼ mi stands for the ith nongap at P; we have 0 ¼ m0om1o?omg ¼ 2g:
* If k denotes an algebraic closure of Fq2 and D is a divisor on X; then LðDÞ ¼
f fAkðXÞ j divð f Þ þ DX0g and we denote by cðDÞ its dimension as a vector space
over k:
The key property of a Fq2 -maximal curve X is the existence of a base-point-free
linear systemD :¼ jðq þ 1ÞP0j where P0AXðFq2Þ; and this linear system carries useful
information about the curve (see [6]).
In fact if X is a maximal curve over Fq2 ; then we have that the Frobenius map Fr
(relative to Fq2 ) acts as multiplication by ðqÞ on the Jacobian variety J of the
maximal curve X (see [10, Lemma 1]).
Proposition 2.1 (see Fuhrmann et al. [6] and Ru¨ck and Stichtenoth [10]). For a
maximal curve X over Fq2 and P0AXðFq2Þ; it holds that
FrðPÞ þ qPBðq þ 1ÞP0; for each point P on X:
The following is a corollary.
Proposition 2.2 (Ru¨ck and Stichtenoth [10, Lemma 1]). Let X be a maximal curve
over Fq2 and let P0; P1 be two rational points. Then
ðq þ 1ÞP1Bðq þ 1ÞP0:
Let us then consider the linear system D ¼ gnþ1qþ1 :¼ jðq þ 1ÞP0j; i.e., the integer n is
deﬁned by the equality cððq þ 1ÞP0Þ ¼ n þ 2:
Proposition 2.2 above says that D is an invariant of the curve, in particular its
projective dimension ðn þ 1Þ is independent of P0AXðFq2Þ: Moreover, we have that
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q þ 1 and q are nongaps at each rational point (see [6]) and so the linear system D is
base-point-free.
Applying the techniques in [13] to the linear system D; we have the following
results (with the notations as in [6]):
Theorem 2.3 (Fuhrmann et al. [6, Theorem 1.4]). For a maximal curve X over Fq2 ;
the D-orders and the Frobenius-orders satisfy the following:
(i) enþ1 ¼ nn ¼ q:
(ii) jnþ1ðPÞ ¼ q þ 1 if PAXðFq2Þ; and jnþ1ðPÞ ¼ q otherwise; in particular, all rational
points over Fq2 are D-Weierstrass points of X:
(iii) j1ðPÞ ¼ 1 for all points PAX; in particular, e1 ¼ 1:
(iv) If nX2; then n1 ¼ e1 ¼ 1:
The next proposition gives relations between the D-orders and the nongaps at
points of the maximal curve X:
Proposition 2.4 (Fuhrmann et al. [6, Proposition 1.5]). Let X be a maximal curve
over Fq2 :
(i) For each point P onX; we have cðqPÞ ¼ n þ 1; i.e., we have the following behavior
for the first nongaps at P:
0om1ðPÞo?omnðPÞpqomnþ1ðPÞ:
(ii) If P is not rational over Fq2 ; the numbers below are D-orders at P:
0pq  mnðPÞo?oq  m1ðPÞoq:
(iii) If P is rational over Fq2 ; the numbers below are exactly all the ðD; PÞ-orders:
0oq þ 1 mnðPÞo?oq þ 1 m1ðPÞoq þ 1:
In particular, if j is a D-order at a rational point P; then q þ 1 j is a Weierstrass
nongap at P:
(iv) If PAXðFq4Þ\XðFq2Þ; then q  1 is a nongap at P: If PeXðFq4Þ; then q is a nongap
at P: If PAXðFq2Þ; then q and q þ 1 are nongaps at P:
(v) Let P be a non-Weierstrass point of X ( for the canonical morphism) and suppose
that nX2; then we have ( for the nongaps at P) that mn1ðPÞ ¼ q  1 and
mnðPÞ ¼ q:
Analogously, for the linear system
2D ¼ j2ðq þ 1ÞP0j; where P0AXðFq2Þ;
we can prove the following:
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Proposition 2.5. Let N þ 1 denote the projective dimension of the linear system 2D.
For each point P of X we have
(i) 1ðð2q þ 1ÞPÞ ¼ N or N þ 1;
(ii) 1ðð2q þ 1ÞPÞ ¼ N þ 1 if and only if 2q þ 1 is a nongap at P;
(iii) if P is a rational point, then 1ðð2q þ 1ÞPÞ ¼ N þ 1:
Proof. Consider the following strict inclusions of vector spaces:
Lð2qPÞCLð2qP þ FrðPÞÞCLð2qP þ 2FrðPÞÞ:
Since cð2qP þ 2FrðPÞÞ ¼ N þ 2; it follows that cð2qP þ FrðPÞÞ ¼ N þ 1 and that
cð2qPÞ ¼ N:
Observe that Lð2qPÞDLðð2q þ 1ÞPÞ and hence we obtain that
cðð2q þ 1ÞPÞ ¼ N if 2q þ 1 is a gap at P;
N þ 1 if 2q þ 1 is a nongap at P:

ð3Þ
If P is rational, then q and q þ 1 are nongaps and item (iii) now follows from
item (ii). &
Next we show two interesting properties of maximal hyperelliptic curves over Fq2 ;
i.e., Fq2 -maximal curves with a rational function xAFq2ðXÞ such that ½Fq2ðXÞ :
Fq2ðxÞ	 ¼ 2:
Proposition 2.6. IfX is a hyperelliptic maximal curve over Fq2 of genus g; then gpq=2:
Proof. As X is hyperelliptic we know that its function ﬁeld is an extension of degree
2 of the rational function ﬁeld over Fq2 : Using that X is maximal, we obtain the
inequality
1þ q2 þ 2gqp2ðq2 þ 1Þ:
The proposition now follows. &
Proposition 2.7. Let X be a maximal curve over Fq2 and assume that there exists a
point P on X such that q  1 is a ðD; PÞ-order, then the curve X is hyperelliptic.
Proof. If PAXðFq2Þ; then Proposition 2.4(iii) shows that ðq þ 1Þ  ðq  1Þ ¼ 2 is a
nongap at P: Hence X is hyperelliptic in this case. If PeXðFq2Þ and using that q  1
is a ðD; PÞ-order, we have
ðq  1ÞP þ DBqP þ FrðPÞ and hence DBP þ FrðPÞ;
where D is an effective divisor of degree two such that both P and FrðPÞ do not
belong to SuppðDÞ: Hence the curve X is also hyperelliptic in this case. &
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We consider now a hyperelliptic maximal curve X over Fq2 ; with q even. Such a
curve X can be given by an equation of the following type:
z2 þ z ¼ f ðxÞAFq2ðxÞ:
We may assume that all the pole-orders of f ðxÞ are odd numbers (see [12, Lemma
III.7.7]). If a and b are poles of f ðxÞ; then the function ðx  aÞ=ðx  bÞ ¼ t shows
that 2PaB2Pb; where Pa and Pb are the unique respective zeros of ðx  aÞ and
ðx  bÞ: Then, since we are working in characteristic two, we have that
qPaBqPb:
Using that X is maximal over Fq2 ; we obtain that
qPa þ FrðPaÞBqPb þ FrðPbÞ;
and then we conclude that Pa ¼ Pb:
This shows that f ðxÞ has an unique pole and sending this pole to x ¼N; we can
assume that f ðxÞAFq2 ½x	 is a polynomial of odd degree m:
The genus g of the curve X is then equal to g ¼ ðm  1Þ=2; and from Proposition
2.6, we get
mpq þ 1:
The following example shows a hyperelliptic maximal curve with m ¼ q þ 1:
Example 2.8. In characteristic two, the curve given by z2 þ z ¼ xqþ1 is a maximal
curve over Fq2 since it is covered by the Hermitian curve given by y
q þ y ¼ xqþ1; in
fact just take
z ¼ yq=2 þ yq=4 þ?þ y2 þ y:
One can generalize the example above to odd characteristic as follows: let q ¼ pt
with t an odd natural number, then the curve given by zp þ z ¼ xqþ1 is a maximal
curve over Fq2 since it is covered by the Hermitian curve given by y
q þ y ¼ xqþ1: In
fact, just take
z ¼
Xt1
i¼0
ð1Þiypi :
3. Nonisomorphic maximal curves (in characteristic 2)
Our aim here is to construct nonisomorphic maximal curves of the same genus.
These examples will be of the following type:
PðzÞ ¼ xqþ1; where PðzÞ is an additive polynomial: ð4Þ
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All the examples here are deﬁned over a ﬁnite ﬁeld Fq2 of characteristic two (see [1]).
Let q ¼ 2t with tX3 and let Ht denote the Hermitian curve over Fq2 given by
yq þ y ¼ xqþ1:
For each 2prot and each
%
a :¼ ða1;y; ar1ÞAFr12 ; we consider the subcover X of
Ht whose function ﬁeld satisﬁes
Fq2ðXÞ ¼ Fq2ðx; zÞ with z :¼ y2
r þ a1y2r1 þ?þ ar1y2 þ y:
We will denote this subcover X by Xðr;
%
aÞ:
Given a pair ðr;
%
aÞ as before, there are some special values of t such that the curve
Xðr;
%
aÞ can be given by an afﬁne equation of the form
PðzÞ ¼ xqþ1;
with PðzÞAF2½z	 an additive separable polynomial of degree 2tr: ð5Þ
Those special values of t are of the form t  0 ðmod KÞ where K depends on
the ﬁxed pair ðr;
%
aÞ: The following tables give the values of K for all possibilities with
2prp5:
r
%
a z K r
%
a z K
2 (1) y4 þ y2 þ y 3 5 (1,1,1,1) y32 þ y16 þ y8 þ y4 þ
y2 þ y
6
(0) y4 þ y 4 (1,1,1,0) y32 þ y16 þ y8 þ y4 þ y 31
3 (1,1) y8 þ y4 þ y2 þ y 4 (0,1,1,1) y32 þ y8 þ y4 þ y2 þ y 31
(1,0) y8 þ y4 þ y 7 (0,0,1,1) y32 þ y4 þ y2 þ y 14
(0,1) y8 þ y2 þ y 7 (0,1,0,1) y32 þ y8 þ y2 þ y 15
(0,0) y8 þ y 3 (0,1,1,0) y32 þ y8 þ y4 þ y 12
4 (1,1,1) y16 þ y8 þ y4 þ y2 þ y 5 (0,1,0,0) y32 þ y8 þ y 31
(1,0,1) y16 þ y8 þ y2 þ y 6 (1,1,0,1) y32 þ y16 þ y8 þ y2 þ y 31
(1,0,0) y16 þ y8 þ y 15 (1,1,0,0) y32 þ y16 þ y8 þ y 14
(1,1,0) y16 þ y8 þ y4 þ y 7 (1,0,0,1) y32 þ y16 þ y2 þ y 8
(0,1,1) y16 þ y4 þ y2 þ y 7 (1,0,0,0) y32 þ y16 þ y 21
(0,1,0) y16 þ y4 þ y 6 (1,0,1,0) y32 þ y16 þ y4 þ y 15
(0,0,1) y16 þ y2 þ y 6 (1,0,1,1) y32 þ y16 þ y4 þ y2 þ y 31
(0,0,0) y16 þ y 4 (0,0,1,0) y32 þ y4 þ y 31
(0,0,0,1) y32 þ y2 þ y 21
(0,0,0,0) y32 þ y 5
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For example, for q ¼ 27 and r ¼ 3 with ða1; a2Þ ¼ ð1; 0Þ; we have that
z ¼ y8 þ y4 þ y:
The value t ¼ 7 is special since we have PðzÞ ¼ xqþ1; with
PðzÞ ¼ z16 þ z8 þ z4 þ z:
From now on, we will only consider the special values of t such that the curve Xðr;
%
aÞ
can be given as in Eq. (5). The genus gt;r of the curve Xðr;
%
aÞ satisﬁes:
gt;r ¼ ð2tr  1Þ2t1:
From the assumption that t is special, one deduces that all the 2r roots of
y2
r þ a1y2r1 þ?þ ar1y2 þ y ¼ 0 ð6Þ
are elements belonging to the ﬁnite ﬁeld Fq where q ¼ 2t: In fact, if y ¼ a is a root,
then z ¼ 0 and PðzÞ ¼ 0: Hence x ¼ 0 and aq þ a ¼ 0: Since p ¼ 2 we conclude that
aAFq: For each element aAFq which is a root of Eq. (6), one can consider the
automorphism sa of the Hermitian curve Ht given by
saðxÞ ¼ x and saðyÞ ¼ ðy þ aÞ:
One checks easily that saðzÞ ¼ z:
Proposition 3.1. The field extension Fq2ðx; yÞjFq2ðx; zÞ is a Galois extension with Galois
group G isomorphic to ðZ=2ZÞr: The group G consists exactly of the automorphisms sa
above; i.e.,
G ¼ fsa; a is a root of Eq: ð6Þg:
Fixing r with rX2; we have 2r1 distinct possibilities for
%
aAFr12 : For each choice
of
%
aAFr12 there exists K ¼ Kð
%
aÞAN such that if t  0 ðmod KÞ; then t is special for
the choice ðr;
%
aÞ: Hence there is an integer KrAN such that if t  0 ðmod KrÞ; then t is
special for all choices of
%
aAFr12 : In fact, just take Kr as
Kr ¼ lcmfKð
%
aÞ;
%
aAFr12 g:
For example, we have from the table above that K4 ¼ 4 3 5 7 ¼ 420:
Then for a ﬁxed value of r with rX2 and for values of t satisfying t  0 ðmod KrÞ;
we have 2r1 maximal curves Xðr;
%
aÞ; with
%
aAFr12 ; all having the same genus gt;r
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where
gt;r ¼ ð2tr  1Þ2t1:
We can now state:
Theorem 3.2. Let rX2 be an integer and let q ¼ 2t where t4r satisfy t  0 ðmod KrÞ:
If
%
a and
%
b are distinct elements of Fr12 ; then the Fq2 -maximal curves Xðr;
%
aÞ and Xðr;
%
bÞ
are not isomorphic over an algebraic closure k of the finite field Fq:
The proof of Theorem 3.2 will be given in the next section (see Theorem 4.13
below).
Since for each ﬁxed r there exist 2r1 distinct possible choices of elements
%
aAFr12 ;
we obtain the following corollary:
Corollary 3.3. Given rAN and taking q ¼ 2t with t  0 modðKrÞ as before, there exist
2r1 maximal curves over Fq2 with the same genus gt;r that are not isomorphic to each
other. They are Galois covered by the Hermitian curve with the same Galois group
GCðZ=2ZÞr:
Proof. Follows directly from Theorem 3.2 and Proposition 3.1. &
Remark 3.4. Examples of nonisomorphic maximal curves over Fq2 with the same
genus appeared already in [4]. For q  3 ðmod 4Þ;
yq þ y ¼ xðqþ1Þ=4 and uðqþ1Þ=2 þ vðqþ1Þ=2 ¼ 1
are equations of nonisomorphic maximal curves over the ﬁnite ﬁeld Fq2 with genus
satisfying 8g ¼ ðq  1Þðq  3Þ: Both curves above are Galois covered by the Fq2 -
Hermitian curve with a Galois group G satisfying:
(a) GCZ=4Z in the case of yq þ y ¼ xðqþ1Þ=4:
(b) GCZ=2Z Z=2Z in the case of uðqþ1Þ=2 þ vðqþ1Þ=2 ¼ 1:
Note that the examples of nonisomorphic maximal curves contained in Corollary
3.3 above, all have the same group GCðZ=2ZÞr:
4. The general case in arbitrary characteristic
Hypothesis 4.1. In this section we consider the more general situation of a maximal
curve X over Fq2 of genus g ¼ ðm  1Þq=2; with m a proper divisor of q; such that there
exists a point P0 on X having m as a Weierstrass nongap at P0: We define nX2 by
mn ¼ q:
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We start with a particular example:
Example 4.2. The curves Xðr;
%
aÞ considered in the previous section, with q ¼ 2t and
with t special for the choice of ðr;
%
aÞ; are examples of such maximal curves over Fq2
with m ¼ 2tr and n ¼ 2r: The point P0 is the unique pole of the function x on the
curve Xðr;
%
aÞ: We also have in the case X ¼ Xðr;
%
aÞ that the extension Fq2ðXÞjFq2ðxÞ
is a Galois extension of degree m ¼ 2tr; as follows from Eq. (5) (see Further
Hypothesis 4.8 below). We note that the roots of the polynomial PðzÞAF2½z	
appearing in Eq. (5) are elements of the ﬁnite ﬁeld Fq with q ¼ 2t:
The same symbol n is used to denote either the number n1 such that cððq þ
1ÞP0Þ ¼ n1 þ 2 or the number n2 such that m 
 n2 ¼ q: Shortly after the proof of
Claim 4.3 (under the hypothesis above), it is shown that n1 ¼ n2:
We now turn back to curves X in the more general situation; see Hypothesis 4.1
above:
Claim 4.3. The point P0 on the curve X as above is a rational point over Fq2 :
Proof. Suppose that P0eXðFq2Þ and let xAkðXÞ with k ¼ %Fq2 be a function such that
divNðxÞ ¼ mP0:
Deﬁne the integer eX1 by e ¼ vFrðP0Þðx  xðFrðP0ÞÞÞ; where vP denotes the
valuation associated to the point P then
divðx  xðFrðP0ÞÞÞ ¼ e FrðP0Þ þ D  mP0;
where DX0 and P0; FrðP0ÞeSupp D:
For j ¼ 1; 2;y; n ¼ q=m we have:
divððx  xðFrðP0ÞÞÞ jÞ ¼ je FrðP0Þ þ jD  jmP0:
Summing up ðqP0 þ Fr P0Þ to the divisors above we see that the numbers 0; 1; e þ
1; 2e þ 1;y; ne þ 1 are all the ðn þ 2Þ distinct ðD; FrðP0ÞÞ-orders. Since P0eXðFq2Þ
we must have that ne þ 1 ¼ q; which is a contradiction since n divides q and
nX2: &
From Claim 4.3 and the assumption g ¼ ðm  1Þq=2; we see that the Weierstrass
nongap semigroup HðP0Þ at P0 is generated by m and q þ 1; i.e., we have HðP0Þ ¼
/m; q þ 1S: This is so because q þ 1 is a nongap at any rational point. It follows
from Proposition 1.10 in [6] that the assumption on the genus is equivalent to
cððq þ 1ÞP0Þ ¼ n þ 2:
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Consider now x; zAFq2ðXÞ such that:
divNðxÞ ¼ mP0 and divNðzÞ ¼ ðq þ 1ÞP0:
Then Fq2ðXÞ ¼ Fq2ðx; zÞ:
The morphism F associated to the linear system D ¼ jðq þ 1ÞP0j is given by
F ¼ ð1 : x : x2 :? : xn : zÞ:
If PaP0 the morphism F can also be given as F ¼ ð1 : u : u2 :? : un : zÞ; where
u ¼ x  xðPÞ: Then it follows immediately that vPðuÞ; 2vPðuÞ;y; nvPðuÞ are ðD; PÞ-
orders.
Claim 4.4. vPðuÞ ¼ 1 for each point P on the curve with PaP0:
Proof. Suppose that vPðuÞ41 for some point PaP0; then 0; 1; vPðuÞ;
2vPðuÞ;y; nvPðuÞ are all the ðD; PÞ-orders. We must have that
nvPðuÞ ¼
q þ 1 if PAXðFq2Þ;
q if PeXðFq2Þ:
(
From the fact that nX2 and n divides q; it follows that P is not a rational point if
vPðuÞ41: Then nvPðuÞ ¼ q; or equivalently, that vPðuÞ ¼ m: It then follows that
divðuÞ ¼ mP  mP0 and hence qPBqP0:
Using that the curve X is maximal over Fq2 and so that qP þ Fr PBðq þ 1ÞP0; we
conclude from qPBqP0 that P ¼ P0; a contradiction. &
Remark 4.5. Claim 4.4 implies that the place corresponding to the point P0 over the
pole of x is the only ramiﬁed place in the extension Fq2ðXÞjFq2ðxÞ: Moreover, using
that X is Fq2 -maximal and hence that #XðFq2Þ ¼ mq2 þ 1; we have that all the other
rational places of Fq2ðxÞ split completely in Fq2ðXÞ and that x ¼N is totally ramiﬁed.
Proposition 4.6. With the hypothesis on the curve X above we have
(i) The D-orders on the curve X are 0; 1; 2;y; n; q:
(ii) For PeXðFq2Þ; the ðD; PÞ-orders are 0; 1; 2;y; n; q:
(iii) For PAXðFq2Þ\fP0g; the ðD; PÞ-orders are 0; 1; 2;y; n; q þ 1:
(iv) The ðD; P0Þ-orders on X are 0; 1; m þ 1; 2m þ 1;y; q þ 1 ¼ nm þ 1:
Proof. The proofs of items (i)–(iii) follow directly from Claim 4.4. The proof of item
(iv) follows from Proposition 2.4 and the fact that the Weierstrass nongap semigroup
at P0 is HðP0Þ ¼ /m; q þ 1S: &
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The D-ramiﬁcation divisor R contains in its support (with multiplicities) exactly
the D-Weierstrass points of the curve (see [13]).
Corollary 4.7. Let R be the ramification divisor on the curve X associated to the linear
system D; then SuppðRÞ ¼ XðFq2Þ:
Further Hypothesis 4.8. From now on we suppose that the extension Fq2ðXÞjFq2ðxÞ is a
Galois extension of degree m; where x is a function on X satisfying divNðxÞ ¼ mP0:
Since the place corresponding to P0 is the only ramiﬁed place in this extension, we
must have:
2g  2 ¼ mð2Þ þ dðP0Þ;
where dðP0Þ is the different exponent at P0: Then dðP0Þ ¼ ðm  1Þðq þ 2Þ:
As the extension Fq2ðXÞjFq2ðxÞ is Galois with a Galois group H of order m; we can
consider the i-th ramiﬁcation group Hi at P0 over x ¼N:
We remind the reader that Hi is deﬁned as (with OP0 the local ring at P0)
Hi ¼ fsAH j vP0ðsðz˜Þ  z˜ÞXi þ 1; 8z˜AOP0g:
The Hilbert different formula states that
dðP0Þ ¼
XN
i¼0
ðjHij  1Þ;
and then we have that
ðm  1Þðq þ 2Þ ¼
XN
i¼0
ðjHij  1Þ:
Claim 4.9. jHqþ2j ¼ 1:
Proof. Let sAH and let zAFq2ðXÞ with divNðzÞ ¼ ðq þ 1ÞP0: Then sðP0Þ ¼ P0 and
sðzÞ ¼ cz þPni¼0 bixi; where ca0 and c; biAFq2 : We also have sðxÞ ¼ x:
Consider u ¼ xn=z: This element u is a local parameter at P0; and we have that
sAHqþ2 if and only if vP0ðsðuÞ  uÞXq þ 3:
Since
sðuÞ  u ¼ xn=sðzÞ  xn=z ¼ xnðz  sðzÞÞ=zsðzÞ;
we have
vP0ðsðuÞ  uÞ ¼ nm þ 2ðq þ 1Þ þ vP0ðsðzÞ  zÞ
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and hence
vP0ðsðuÞ  uÞ ¼ q þ 2þ vP0 ðc  1Þz þ
Xn
i¼0
bix
i
 !
: ð7Þ
Then vP0ðsðuÞ  uÞXq þ 3 if and only if vP0 ðc  1Þz þ
Pn
i¼0 bix
i
 
X1:
However vP0 ðc  1Þz þ
Pn
i¼0 bix
i
 
p0 if s is not the identity. &
Theorem 4.10. Let X be a maximal curve over Fq2 of genus g ¼ ðm  1Þq=2; where m
is a nongap at a point P0AX such that nm ¼ q; and suppose that the extension
Fq2ðXÞjFq2ðxÞ is a Galois extension, where xAFq2ðXÞ is a function such that divNðxÞ ¼
mP0: Then the curve X is Fq2 -isomorphic to a curve given by
PðzÞ ¼ AðxÞ;
where PðzÞAFq2 ½z	 is an additive separable polynomial of degree m and AðxÞAFq2 ½x	 is
a polynomial of degree q þ 1:
Proof. As jHijpm; 8i; and since ðm  1Þðq þ 2Þ ¼
Pqþ1
i¼0 ðjHij  1Þ; as follows from
Claim 4.9 above, we have that
jHij ¼ m 8i ¼ 0; 1;yq þ 1:
Then, it follows from ([11, Chapter IV]) that the extension Fq2ðXÞjFq2ðxÞ is
elementary abelian and the theorem follows immediately from this fact. &
Remark 4.11. The hypothesis that the extension Fq2ðXÞjFq2ðxÞ is a Galois extension
is equivalent to the hypothesis that the extension F˜jFq2ðXÞ is not ramiﬁed, where F˜ is
the Galois closure of Fq2ðXÞjFq2ðxÞ:
In fact, let g˜ denote the genus of F˜; since F˜jFq2ðXÞ is unramiﬁed we have:
2g˜  2 ¼ ð2g  2Þ½F˜ : Fq2ðXÞ	:
Since from Remark 3.4 we have that ðx  aÞ splits completely in Fq2ðXÞjFq2ðxÞ for
each aAFq2 ; it follows that
mq2½F˜ : Fq2ðXÞ	pq2 þ 1þ 2g˜q and then ½F˜ : Fq2ðXÞ	p1:
Remark 4.12. We obtain, as a consequence of Eq. (7) and the fact that H ¼ Hqþ1;
that for each sAH there exists an element b0AFq2 such that sðzÞ ¼ z þ b0: This
element b0 satisﬁes Pðb0Þ ¼ 0; where PðzÞ is the additive polynomial appearing in
Theorem 4.10. We note also that all roots of PðzÞ belong to the ﬁnite ﬁeld Fq2 and
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hence
H ¼ fsb; sbðzÞ ¼ z þ b and PðbÞ ¼ 0g:
Now we will prove Theorem 3.2 in the more general case (see Hypothesis 4.1 and
Example 4.2 in the beginning of this section).
Theorem 4.13. LetX1 andX2 be two maximal curves over Fq2 satisfying the hypothesis
of Theorem 4.10 with n ¼ pr; rX2; and q ¼ pt: Suppose that they can be given as
below:
X1 :¼ ðzptr þ atr1zptr1 þ?þ a1zp þ a0z  A1ðxÞ ¼: Q1ðx; zÞÞ;
X2 :¼ ðwptr þ btr1wp
tr1 þ?þ b1wp þ b0w  A2ðx˜Þ ¼: Q2ðx˜; wÞÞ;
where
A1ðxÞ ¼ xqþ1 þ
Xq
i¼0
gix
i and A2ðx˜Þ ¼ x˜qþ1 þ
Xq
i¼0
dix˜i with gi; diAFq2 :
If there exists an index i0Af0; 1;y; t  r  1g such that ai0a0 and bi0 ¼ 0 (or ai0 ¼ 0
and bi0a0), then the two curves above X1 and X2 are not isomorphic over an algebraic
closure k of the finite field Fq2 :
We need the following lemma in our proof of Theorem 4.13.
We will denote by P0 the point corresponding to the only place above the pole of x
in the Galois extension Fq2ðX1ÞjFq2ðxÞ and by Q0 the point corresponding to the only
place above the pole of x˜ in the Galois extension Fq2ðX2ÞjFq2ðx˜Þ:
Lemma 4.14. The point P0 is the only point of the curve X1 whose Weierstrass nongap
semigroup is generated by two elements and similarly for Q0 and X2:
Proof. Since we assume in Theorem 4.13 that rX2; we have that m ¼ m1ðP0Þ is
strictly smaller than q=p; where m ¼ ptr and q ¼ pt: For a point P on X1 distinct
from P0; we consider two cases:
* For PAXðFq2Þ; it follows from Proposition 4.6 that 0; 1; 2;y; pr; q þ 1 are the
ðD; PÞ-orders. It then follows from Proposition 2.4 that the numbers
m1 ¼ q þ 1 pr; m2 ¼ q þ 2 pr; m3 ¼ q þ 3 pr;y; mnþ1 ¼ q þ 1 with n ¼ pr
are nongaps at P; in particular as m2 ¼ m1 þ 1 and m3 ¼ m2 þ 1; then the
Weierstrass nongap semigroup HðPÞ cannot be generated by two elements.
* For PeXðFq2Þ; it follows from Proposition 4.6 that the ðD; PÞ-orders are
0; 1; 2;y; pr; q: From Proposition 2.4, we then have the following possibilities for
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the set fm1; m2; m3g of the ﬁrst three nongaps at P:
fm1; m2; m3g ¼
fpt  pr; pt  pr þ 1; pt  pr þ 2g
fpt  pr; pt  pr þ 2; pt  pr þ 3g
fpt  pr; pt  pr þ 1; pt  pr þ 3g
fpt  pr þ 1; pt  pr þ 2; pt  pr þ 3g:
8>><
>>:
In all the four cases above we have that m2o2m1 and then if the semi-group HðPÞ
could be generated by two elements, we would have that HðPÞ ¼ /m1; m2S and that
m3 ¼ 2m1: A direct analysis of each case give us a contradiction. &
Now we will give the proof of Theorem 4.13:
Proof of Theorem 4.13. We will denote by k an algebraic closure of Fq2 : Suppose that
there exists an isomorphism f :X1/X2: It follows from the lemma above that f
must map the point P0 onto Q0:
We recall that m ¼ ptr; q ¼ pt and n ¼ pr: Also we have:
divNðxÞ ¼ mP0 and divNðzÞ ¼ ðpt þ 1ÞP0
and analogously,
divNðx˜Þ ¼ mQ0 and divNðwÞ ¼ ðpt þ 1ÞQ0:
In particular, we obtain that
fðx˜Þ ¼ bx þ a and fðwÞ ¼
Xn
i¼0
dix
i þ ez;
where a; b; e; diAk and eba0: Substituting x by ðx þ a=bÞ one can assume that a ¼ 0:
Now we show that one can assume simultaneously that
fðx˜Þ ¼ bx and fðwÞ ¼
Xn
i¼0
dix
i þ z;
i.e., one can assume simultaneously that a ¼ 0 and e ¼ 1:
In fact, multiplying the equation of deﬁnition of X1 by e
ptr we get
ðezÞptr þ a0tr1ðezÞp
tr1 þ?þ a01ðezÞp þ a00ðezÞ ¼ ep
tr
:A1ðxÞ; ð8Þ
where a0j ¼ ajep
trp j : Note that aja0 if and only if a0ja0:
Let dAk be such that dqþ1 ¼ eptr and substitute x by ðdxÞ: This makes the right-
hand side of Eq. (8) a monic polynomial in the new variable ðdxÞ:
Hence fðx˜Þ ¼ bx ¼ ðb=dÞ:ðdxÞ; as required.
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Applying now f with a ¼ 0 and e ¼ 1 to the equation of deﬁnition of the curve
X2; we obtain
fðQ2ðx˜; wÞÞ ¼
Xtr
j¼0
btrjfðwÞp
trj  fðA2ðx˜ÞÞ
¼
Xtr
j¼0
btrj
Xn
i¼0
dix
i þ z
 !ptrj

Xqþ1
i¼0
dibixi
¼
Xtr
j¼0
btrj
Xn
i¼0
ðdixiÞp
trj 
Xqþ1
i¼0
dibixi þ
Xtr
j¼0
btrjz
ptrj :
As fðX1Þ ¼ X2; we obtain that fðQ2ðx˜; wÞÞ must be a constant multiple of Q1ðx; zÞ;
fðQ2ðx˜; wÞÞ ¼ c:Q1ðx; zÞ for some constant c:
Comparing the coefﬁcients of the terms in xqþ1 we have that c ¼ dqþ1bqþ1 ¼ bqþ1a0:
We also have
bj ¼ c:aj 8j ¼ 0;y; t  r:
Hence if the two curves are isomorphic we have that bj ¼ 0 if and only if aj ¼ 0; and
this ﬁnishes the proof of Theorem 4.13. &
5. The particular case m ¼ q=p
In this section we will consider a maximal curve X over Fq2 where q ¼ pt with
genus g ¼ ðq=p  1Þq=2 such that q=p is a nongap at some point P0 of the curve. We
will prove that the curve X is Fq2 -isomorphic to a curve given by the plane equation:
Xt
i¼1
zp
ti ¼ cxptþ1 with cAF
q2
such that cq þ c ¼ 0: ð9Þ
This section generalizes some of the results in [2,3]. Note that here we do not assume
that the extension Fq2ðXÞjFq2ðxÞ is Galois, for some function x on the curve X with
divNðxÞ ¼ ðq=pÞP0:
Remark 5.1. The curves given by Eq. (9) are Fq2 -isomorphic to each other. In fact if
c1; c2AFq2 satisfy c
q
i þ ci ¼ 0; then one can take aAFq2 satisfying aqþ1 ¼ c1=c2 and the
map f below is an isomorphism
f :X1/X2;
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ðx; zÞ/ðax; zÞ;
where Xi is the curve given by Eq. (9) corresponding to ci ( for i ¼ 1; 2).
As before let x; zAFq2ðXÞ be such that
divNðxÞ ¼ pt1P0 and divNðzÞ ¼ ðpt þ 1ÞP0:
Let v ¼ vP0 be the valuation at P0; and let DðiÞ :¼ DðiÞx be the i-th Hasse differential
operator on Fq2ðXÞ with respect to the variable x (see e.g. [13]). We also set D :¼
Dð1Þ:
Claim 5.2. vðDzÞ ¼ q2=p:
Proof. (cf. Abdon and Torres [2, p. 47]. Let u be a local parameter at P0; then
vðDzÞ ¼ vðdz=duÞ  vðdx=duÞ ¼ ðq þ 2Þ  ð2g  2Þ ¼ q2=p;
since by Remark 4.5 the morphism x :X-P1ð %Fq2Þ is totally ramiﬁed at P0 and
unramiﬁed outside P0; and since a canonical divisor has degree 2g  2: &
Let x and z be as above; they are related to each other by an equation of the type
(see e.g. [9])
xqþ1 þ azq=p þ
Xq=p1
i¼0
AiðxÞzi ¼ 0; ð10Þ
where aa0 and the AiðxÞ’s are polynomials in Fq2 ½x	 such that
degðAiðxÞÞpq  pi:
Claim 5.3. (1) If iX2 is not a power of p, then AiðxÞ ¼ 0:
(2) Ap j ðxÞAFq2 for each j ¼ 0; 1;y; t  2:
Proof. First we show that AiðxÞ ¼ 0 if iX2 and ic0 (mod p). To do that, we apply
the operator D to Eq. (10) obtaining
0 ¼ xq þ
Xq=p1
i¼0
ziDðAiðxÞÞ þ
Xq=p1
i¼1
AiðxÞizi1
 !
Dz:
Suppose that AiðxÞa0 for some iX2 and ic0 (mod p). Then
v
Xq=p1
i¼1
AiðxÞizi1Dz
 !
¼ v
Xq=p1
i¼0
ziDðAiðxÞÞ
 !
;
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since by Claim 5.2 we have the following inequality:
v
Xq=p1
i¼1
AiðxÞizi1Dz
 !
ovðxqÞ:
We note by reasoning modulo q=p that the minimum value of v is attained just once
in both sums. Then there exist integers 2pi0pðq=pÞ  1 with i0c0 (mod p) and
1pj0pðq=pÞ  1 such that
vðAi0ðxÞzi01DzÞ ¼ vðz j0DðAj0ðxÞÞÞ;
and then
q=pðdegðDAj0Þ  degðAi0ÞÞ ¼ ðq þ 1Þði0  1 j0Þ þ q2=p:
Reasoning again modulo q=p we conclude that i0  j0 þ 1 (mod q=p) and hence
i0 ¼ j0 þ 1: Therefore if Ai0ðxÞa0 we get degðDAj0Þ ¼ degðAi0Þ þ qXq; a contra-
diction. This proves that AiðxÞ ¼ 0 if iX2 and ic0 (mod p). Then Eq. (10) is reduced
to
xqþ1 þ azq=p þ A0ðxÞ þ A1ðxÞz þ
Xq=p21
i¼1
ApiðxÞzpi ¼ 0: ð11Þ
Note that if q ¼ p2 then the last sum in Eq. (11) does not exist.
Now we can see that A1AFq2 : Indeed, applying D to Eq. (11) we get
xq þ DA0ðxÞ þ DðA1ðxÞzÞ þ
Xq=p21
i¼1
zpiDðApiðxÞÞ ¼ 0: ð12Þ
If u is an uniformizing parameter at P0; we have
vðDðA1ðxÞzÞÞ ¼ vðdðA1ðxÞzÞ=duÞ  vðdx=duÞ
¼  ðq þ 2Þ  q=p degðA1ðxÞÞ  ð2g  2Þ
¼  q2=p  ðq=pÞdegðA1ðxÞÞ:
Suppose that degðA1ðxÞÞX1; then vðDðA1ðxÞzÞÞ is the unique minimum value that
the valuation v takes in Eq. (12) and this gives us a contradiction. Hence A1ðxÞAFq2 :
Assuming that qXp3 we show now that ApiðxÞ ¼ 0 for iX2 and ic0 (mod p). In
order to do that we need to compute vðDðpÞzÞ:
Lemma 5.4. vðDðpÞzÞ ¼ q2:
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Proof. From the fact that the morphism ð1 : x :? : xp : yÞ has Fq2 -Frobenius orders
0; 1; 2;y; p  1 and q; we conclude that the following determinant D is identically
zero, where
D ¼ det
1 xq
2
x2q
2
? xpq
2
zq
2
1 x x2 ? xp z
0 1 Dx2 ? 0 Dz
0 0 1 ? 0 Dð2Þz
^ ^ ^ ^ ^ ^
0 0 0 ? 1 DðpÞz
0
BBBBBBBBB@
1
CCCCCCCCCA
:
After some computations we see that D ¼ 0 gives us an equation as below
zq
2  z ¼
Xp
i¼1
BiðxÞðDðiÞzÞ; ð13Þ
where B1ðxÞ ¼ ðxq2  xÞ; BpðxÞ ¼ ðxq2  xÞp; and moreover degðBjðxÞÞ ¼ jq2 for
each jAN with 1pjpp:
For each 1pjpðp  1Þ we have that
vðBjðxÞDð jÞzÞ4 q2ðq þ 1Þ
as follows by applying the operator Dð jÞ to Eq. (11) and using that degðBjðxÞÞ ¼ jq2:
We then conclude from Eq. (13) that
vððxpq2  xpÞDðpÞzÞ ¼ q2ðq þ 1Þ;
and this ﬁnishes the proof of Lemma 5.4. &
Returning to the proof of Claim 5.3, we apply DðpÞ to Eq. (11) and we obtain
0 ¼DðpÞA0ðxÞ þ A1DðpÞz þ
Xq=p21
i¼1
zpiDðpÞðApiðxÞÞ
þ
Xq=p21
i¼1
ApiðxÞizpði1Þ
0
@
1
AðDzÞp: ð14Þ
Since we have from Lemma 5.4 the following inequalities:
vðDðpÞzÞovðDðpÞA0ðxÞÞ
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and
vðDðpÞzÞov
Xq=p21
i¼1
zpiDðpÞðApiðxÞÞ
0
@
1
A;
we must have that
q2 ¼ vðDðpÞzÞ ¼ v
Xq=p21
i¼1
ApiðxÞizpði1Þ
0
@
1
A q2;
and therefore
v
Xq=p21
i¼1
ApiðxÞizpði1Þ
0
@
1
A ¼ 0:
If there exists iX2 and ic0 (mod p) such that ApiðxÞa0; then the last equality above
never holds. Moreover, we obtain that ApAFq2 and Apa0:
We have shown that Eq. (10) can be reduced to
xqþ1 þ azq=p þ A0ðxÞ þ A1z þ Apzp þ
Xq=p31
i¼1
Ap2iðxÞzp
2i ¼ 0: ð15Þ
Note that if q ¼ p3 then the last sum in Eq. (15) does not exist.
Applying Dðp
2Þ to Eq. (15) and using that Dðp
2Þz ¼ 0 since pop2oq; as follows
from the fact that 0; 1;y; p and q are the generic D-orders, we get
Dðp
2ÞðA0ðxÞÞ þ ApðDðpÞzÞp þ
Xq=p31
i¼1
zp
2iDðp
2ÞðAp2iðxÞÞ
þ
Xq=p31
i¼1
izði1Þp
2ðAp2iðxÞÞ
2
4
3
5ðDzÞp2 ¼ 0:
As before we conclude that
v
Xq=p31
i¼1
izði1Þp
2ðAp2iðxÞÞ
0
@
1
A ¼ 0:
This shows that Ap2i ¼ 0 for iX2 and ic0 (mod p), and also that Ap2AFq2 :
Continuing with these arguments we conclude the proof of Claim 5.3. &
Thus, Eq. (10) becomes
azq=p þ xqþ1 þ A0ðxÞ þ
Xt2
i¼0
Api 
 zp
i ¼ 0 with each ApiAFq2 : ð16Þ
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We rewrite Eq. (16) as
0 ¼ xqþ1 þ A0ðxÞ þ
Xt
i¼1
ai 
 zpti ; ð17Þ
where degðA0ðxÞÞpq and aiAFq2 :
We can assume that deg A0ðxÞoq: In fact, writing A0ðxÞ ¼
Pq
i¼0 bi 
 xi and
making the substitution z/z˜ ¼ ðz þ axpÞ where a satisﬁes aq=p ¼ bq=a1; then
a1ðz˜Þq=p ¼ a1ðz þ axpÞq=p ¼ a1zq=p þ a1aq=p:xq ¼ a1zq=p  bqxq:
Claim 5.5. After a change of variables, we can suppose that the polynomial A0ðxÞ has
the form
A0ðxÞ ¼ b0 þ
Xt1
i¼0
bpi 
 xp
i
:
Proof. We write A0ðxÞ ¼
Pq1
i¼0 bi 
 xi: Since the D-orders of ð1 : x : x2 :? : xp : zÞ are
0; 1;y; p and q we obtain that DðiÞz ¼ 0; 8i ¼ p þ 1;y; q  1: Then, applying DðiÞ
to Eq. (17) for each iXp þ 1 such that p[i; we obtain that bi ¼ 0:
For j4p such that jakps with 1pkpp  1 and sX1; we write j ¼ cipi þ ciþ1piþ1 þ
?þ ciþlpiþl with cia0 and ciþla0; then
0 ¼ Dð jÞ
Xt
k¼1
ak 
 zptk
 !
¼
Xt
k¼ti
akðDð j=ptkÞzÞp
tk
;
since Dð j=p
tkÞz ¼ 0 for k ¼ t  i;y; t: From this fact it follows that bj ¼ 0: We have
therefore shown that
A0ðxÞ ¼
Xp1
i¼0
bi 
 xi þ
Xt1
i¼1
bpti 
 xp
ti
þ
Xt1
i¼1
b2pti 
 x2p
ti þ?þ
Xt1
i¼1
bðp1Þpti 
 xðp1Þp
ti
: ð18Þ
This ﬁnishes the proof of Claim 5.5 if p ¼ 2: So we assume now that pX3:
Applying D; Dð2Þ; and DðpÞ to Eq. (17) with A0ðxÞ as given in Eq. (18), we obtain:
at 
 Dz ¼ xq þ
Xp1
i¼1
ibi 
 xi1: ð19Þ
at 
 Dð2Þz ¼
Xp1
j¼2
j
2
 
bj 
 x j2; if chara2: ð20Þ
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at 
 DðpÞz ¼
Xp1
k¼1
k bkp  at1
a
p
t
b
p
k
 
xðk1Þp  at1
a
p
t

 xqp: ð21Þ
Now, for i ¼ 1;y; t  1 we compute Dð2piÞ on Eq. (18) and using the expressions for
Dz and DðpÞz obtained above, we obtain that
Lemma 5.6. bkpi ¼ ati bkat
 pi
for all k ¼ 2;y; p  1 and all i ¼ 1;y; t  1:
Proof. In fact, Dð2p
iÞ applied to Eq. (17) gives us (since we have Dð jÞz ¼ 0; for each
value of jAN with p þ 1pjpq  1):
Dð2p
iÞ Xt
k¼1
akz
ptk
 !
¼ Dð2piÞðA0ðxÞÞ:
Hence atiðDð2ÞzÞpi ¼ 
Pp1
j¼2 ð j2Þ bjpi 
 xð j2Þp
i
; and therefore
ati
a
pi
t


Xp1
j¼2
ð j
2
Þbpij 
 xð j2Þp
i ¼
Xp1
j¼2
j
2
 
bjpi 
 xð j2Þp
i
:
Then Lemma 5.6 follows directly from the equation above by comparing
coefﬁcients. &
Returning to the proof of Claim 5.5, Lemma 5.6 above allows us to make the
following reduction on the deﬁning equation of the curve

Xt
i¼1
ai 
 zp
ti
1 ¼ xqþ1 þ
Xt1
i¼1
bpi 
 xp
i þ b0 þ b1x: ð22Þ
In fact, Eq. (22) is obtained from Eqs. (17) and (18) by making the following
substitution:
z/z1 ¼ z þ 1
at


Xp1
k¼2
bk 
 xk
 !
:
This ﬁnishes the proof of Claim 5.5. &
Claim 5.7. Changing variables, we can assume that the plane equation of the maximal
curve X has the form:
Xt
i¼1
ai 
 zpti ¼ xqþ1 þ
Xt1
i¼1
bpi 
 xp
i
: ð23Þ
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Proof. We want to show that we can assume b0 ¼ b1 ¼ 0 in Eq. (22). To make
b1 ¼ 0; we perform the substitution
z1/z2 ¼  z1 þ b1
at

 x
 
:
Then Eq. (22) is transformed into
Xt
i¼1
ai 
 zp
ti
2 ¼ xqþ1 þ
Xt1
i¼1
bpi 
 xp
i þ b0: ð24Þ
Since the equation for the curve X has the property that for each x ¼ aAFq2 we have
m ¼ q=p rational points over Fq2 with ﬁrst coordinate equal to x ¼ a; taking in
particular the value x ¼ 0 in Eq. (24) we have
Xt
i¼1
ai 
 bpti ¼ b0 with bAFq2 :
Now we change variable z2/z ¼ ðz2  bÞ to conclude the proof of Claim 5.7. &
Lemma 5.8. For each 2pipt  1 we have:
bpi ¼ atiþ1 
 ðbp=atÞp
i1
and ati ¼ atiþ1 
 ðat1=atÞp
i1
:
Proof. Applying D and DðpÞ to Eq. (23),
atiðDzÞ ¼ xq and bp ¼ at1 
 ðDzÞp þ at 
 ðDðpÞzÞ:
For each i with 2pipt  1; we apply DðpiÞ to Eq. (23) and using that Dð jÞz ¼ 0 for
pojoq; we get
atiðDzÞp
i þ atiþ1ðDðpÞzÞp
i1 ¼ bpi :
We then have bpi  atiþ1 
 bpat
 pi1
¼ ati  atiþ1 
 at1at
 pi1 

 ðDzÞpi :
Lemma 5.8 now follows from the equality above. &
Lemma 5.9. In Eq. (23),
(a) bp ¼ 0:
(b) ðapþ1t =apq1 Þ þ at1 ¼ 0:
Proof. From Eq. (23) we see that
Dð jÞz ¼ 0 for each 2pjop:
ARTICLE IN PRESS
M. Abd !on, A. Garcia / Finite Fields and Their Applications 10 (2004) 133–158 155
Eq. (13) has then the form
zq
2  z ¼ ðxq2  xÞ 
 ðDzÞ þ ðxpq2  xpÞ 
 ðDðpÞzÞ; ð25Þ
where Dz ¼ xq
at
and DðpÞz ¼ bp
at
 at1
at

 xq
at
 p
:
From Eq. (23) we have zq
2 ¼ 1
a1
 pq

 xqþ1 þPt1i¼1 bpi 
 xpi Pti¼2 ai 
 zpti pq:
The highest pole order at P0 in the right-hand side of the equation above is equal
to ðq3 þ q2Þ and comes from ðxqþ1Þpq=apq1 : The same order of pole on the right-hand
side of Eq. (25) comes from the term ðat1=atÞ 
 ðxq=atÞp 
 xpq2 ¼ ðat1=apþ1t Þ 

ðxqþ1Þpq:
This proves item (b) in Lemma 5.9.
Examining again Eq. (25), we see that the second highest pole order at P0 is equal
to q3 and it comes from a unique term, namely it comes from the term ðbp=atÞ 
 xpq2
on the right-hand side of Eq. (25). This proves item (a) of Lemma 5.9. &
From Lemmas 5.8 and 5.9, we have that Eq. (23) now reads as below
Xt
i¼1
ai 
 zpti ¼ xqþ1; ð26Þ
where the coefﬁcients a1; a2;y; at satisfy:
* ðat=aq1Þp þ at1=at ¼ 0:
* ati ¼ atiþ1ðat1=atÞp
i1
for i ¼ 2; 3;y; t  1:
Lemma 5.10. With the curve X given by Eq. (26) we have
(a) ai ¼ at1 
 ðaiþ1=atÞp for each 1piot  1:
(b) a
q
t þ ðat1=apt Þ 
 ap1 ¼ 0:
(c) at1=a
p
t belongs to Fq:
Proof. We have zq
2  z ¼ ðxq2  xÞ 
 ðDzÞ þ ðxpq2  xpÞ 
 ðDðpÞzÞ; where Dz ¼ xq=at
and DðpÞz ¼ bp
at
 at1
at

 xq
at
 p
:
Hence,
zq
2  z ¼ 1
at
ððxqþ1Þq  xqþ1Þ  at1
at
ððxqþ1Þpq  ðxqþ1ÞpÞ: ð27Þ
In the equality above we substitute xqþ1 ¼Pti¼1 ai 
 zpti ; obtaining in this way that
the right-hand side of Eq. (27) is a polynomial in the variable z: Lemma 5.10 now
follows from Eq. (27) by comparison of coefﬁcients of the polynomials in the
variable z: &
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We can now state our main result:
Theorem 5.11. Let q ¼ pt with tX2 and let m ¼ q=p: There exists a unique maximal
curve X over Fq2 with genus g ¼ ðm  1Þq=2 having a point such that m is a nongap at
this point. This curve X can be given by the following plane equation:
Xt
i¼1
zp
ti ¼ c 
 xqþ1 with cq þ c ¼ 0 and ca0: ð28Þ
Proof. Let a :¼ at1=apt : We know from Lemma 5.10 that:
ati ¼ aðpi1Þ=ðp1Þ 
 ap
i
t for each 1pipt  1: ðÞ
Using the substitution z/z3 ¼ at 
 z we get from Eq. (26):
Xt
i¼1
a˜i 
 zp
ti
3 ¼ xqþ1 with *ai ¼ aNi and Ni ¼
pti  1
p  1 : ð29Þ
We will need the following lemma:
Lemma 5.12. The element a is a ðp  1Þ-power in the finite field Fq2 : More precisely,
we have
aðq1Þ=ðp1Þ ¼ 1:
Proof. In fact, it follows from Eq. () above with i ¼ t  1 that
aðq=p1Þ=ðp1Þ ¼ a1
a
q=p
t
:
Item (b) in Lemma 5.10 gives
a1
a
q=p
t
 !p

a ¼ 1:
Lemma 5.12 follows from the two preceding equalities. &
Returning to the proof of Theorem 5.11, let now cAF
q2
be such that
cðp1Þ ¼ a ¼ at1
a
p
t
AFq:
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We can then rewrite Eq. (29) as
Xt
i¼1
ðcz3Þp
ti ¼ c 
 xqþ1;
and moreover cq þ c ¼ 0 as follows from Lemma 5.12.
Substituting z ¼ cz3 we ﬁnish the proof of Theorem 5.11 (see also Remark 5.1
here). &
Remark 5.13. One can show that if the equation
Pt
i¼1 z
pti ¼ c 
 xqþ1; with cAF
q2
;
deﬁnes a maximal curve over Fq2 with q ¼ pt; then we must have that cq þ c ¼ 0:
Remark 5.14. It follows from Theorem 5.11 that the unique maximal curve X over
Fq2 satisfying the hypothesis in this theorem is Galois covered by the Hermitian curve
over Fq2 ; the covering degree being equal to the characteristic p: In fact, the function
z ¼ cy  cpyp; with cq þ c ¼ 0; inside the function ﬁeld of the Hermitian curve over
Fq2 with deﬁning equation as below
yq þ y ¼ xqþ1
is such that the functions x and z above satisfy Eq. (28) in Theorem 5.11. Compare
with Theorem 2.1 of [5].
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